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more flexibility in the selection of the approach path between
the holding pattern and the final descent on the glidepath.
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I. Introduction

I N recent years, airborne gimbaled inertial navigation
systems (INS) have been replaced with strapdown systems

by virtue of the utilization of the ring laser gyro and high-
performance microcomputers. Additionally, the conventional
hybrid navigation systems, which uses a gimbaled INS, and
other navigation systems have also been modified to use a
strapdown INS and other navigational aids (for example,
DOPPLER, LORAN-C, OMEGA, GPS.

In a strapdown INS the sensors (gyros and accelerometers)
are rigidly attached to the body of the vehicle; hence, the
quantities they measure (angular velocity, specific force) are in
body-fixed coordinates. Determination of the position of the
body, however, requires knowledge of the specific force com-
ponents in the navigation (local vertical) coordinates.

Therefore, the transformation from body-fixed frame to
navigation frame requires direction cosine matrix computa-
tion based on accurate knowledge of vehicle attitude. For the
purpose of this computation, it is desirable to use a quaternion
method, which is more advantageous than the Euler angle
method or the direction cosine method from the aspect of
computational speed and computational accuracy.1'2

In Ref. 1, a strapdown inertial navigation system, based on
a quaternion including dynamics and error propagation, is
mechanized in an inertial reference frame. Inerdally refer-
enced, or space-stable, navigation systems are widely used for
spacecraft applications where geographic navigation informa-
tion is not required. But, for terrestrial navigation, the in-
herent time-varying relationship between the inertial and
geographic (local vertical) frames complicates the space-stable
system design. Then the local-vertical mechanization is a bet-
ter choice for terrestrial applications of strapdown navigation
systems.

The purpose of this paper is to introduce strapdown inertial
navigation error equations based on a quaternion relation be-
tween body-fixed frame and navigation (local vertical) frame
for terrestrial hybrid navigation systems.

II. Dynamic Equations
The differential equation of the relative quaternion between

body-fixed coordinates and local vertical coordinates is given
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(1)

where q is a four-component vector of "quaternion para-
meters"

The skew-symmetric matrices [ Q b ] , [QJ are given by
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ubx> uby, and «te are the inertial rate of the body-fixed frame
in the body-fixed coordinates, and unx, unyf and ay are the in-
ertial rate of the local vertical frame in the local vertical coor-
dinates. Qx, Qy, and 0^ are the Earth rate in the local vertical
coordinates; px, py, and pz are the rotation rate of local ver-
tical coordinates; \ue\ is the Earth rate; A is the vehicle
longitude, and X is the verticle latitude.

In terms of the quaternion, the transformation (direction
cosine) matrix C$ from body-fixed coordinates to navigation
coordinates is given by
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It is observed that Eq. (1) is bilinear in ub, con, and 0, i.e.,

we can also write Eq. (1) as
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The differential equation of the vehicle velocity vector in the
local vertical coordinates is given by

(8)
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RE=RQ(l + Esin2X), RQ = 2.0925860X 107 ft

E= 1/294.978613, ^ = 32.08822 ft/sec2 (11)

where ab is the specific force vector along the body axes, VN
the velocity vector in the local vertical coordinates, and h the
vehicle altitude.

Similarly, the differential equations of the vehicle position
in the local vertical coordinates are given by

(12)

III. Error Equations
Equations (1), (8), and (12) give the true attitude and mo-

tion based on true specific force and angular velocity.
In an actual navigation system, only indicated quantities are

available, namely, q* = indicated quaternion parameters,
ub = indicated body angular velocity vector, w* = indicated
angular velocity vector of the local vertical coordinates,
V$j = indicated velocity vector in the local vertical coordinates,
al = indicated specific force vector, and so forth.

The navigation errors may be defined as the differences be-
tween the true and indicated quantities.

where RN = R0(l - 2E+ 3Esin2\).

= X-X*,

= g(R)n-g(R*)n

(13)

For sufficiently small errors, products of errors are negligible
and, to first order in the error, quaternion errors satisfy the
following differential equations.
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Similarly, velocity errors satisfy the next differential
equations:
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In Eq. (16), (dab + 2-A*T-O*T'dq) is interpreted as the
total effective acceleration error vector in the body-fixed coor-
dinates. The second term is the contribution to the total error
induced by the attitude error. Upon use of Eq. (17), this term
becomes

2-A*T-O*Tdq=A*T
-2-q«T-bq

2-Q(q*)Tdq
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where

<t>=-2-Q(q*)T-dq ( ' . ' [ a b ] =

Thus, the total acceleration error vector is
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(18)

(19)

The terms 8ab and abx<t> appear in the error analysis of the
gimbaled platform system, where 0 represents the vector of in-
finitesimal error angles (tilts) about the local vertical coor-
dinates. Accordingly, the vector <t> defined by Eq. (18) can be
interpreted as the equivalent tilt in strapdown navigation
systems. The third term, c-ab, in Eq. (19) represents a sale fac-
tor error, with scale factor c being the error in the square of
the length of the vector q. This error is avoided by normalizing
the quaternion vector to a unit vector.

qc = q*Nq*T-q* (20)

If, however, the tilt is produced by angular velocity error only,
equivalent tilt <t> satisfies the next differential equation.

j>=-2-Q(q*)Tdq-2.Q(q*)T5q

Now, substitute into Eq. (21) this expression for dq to obtain
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From Eqs. (7) and (18),

Q(q*)<l>=-2.Q(q*).Q(q*T)-dq=-2(I-q*.q*T),

Therefore,

(24)

Thus, finally, we obtain

(26)

This is the equation obtained in Ref . 3 and has the same form
as the equation for error propagation in a gimbaled system. It
is readily shown that the position errors satisfy the following
differential equations:

(27)

IV. Summary and Conclusion
An application of the theory of strapdown inertial naviga-

tion introduced by Friedland1 is presented in local vertical
navigation error equations. The resulting equations can be
easily changed into the results obtained in Ref. 1 by untor-
quing the navigation coordinate and modification of gravity
term. These equations will contribute greatly to the construc-
tion of optimal filters for hybrid navigation systems.
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